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Instructions

There are two sections in this examination paper.
Section A Concepts and Skills 150 marks 6 questions

Section B Contexts and Applications 150 marks 3 questions

Answer all nine questions.

Write your answers in the spaces provided in this booklet. You may lose marks if you do not do so.
There is space for extra work at the back of the booklet. You may also ask the superintendent for
more paper. Label any extra work clearly with the question number and part.

The superintendent will give you a copy of the Formulae and Tables booklet. You must return it at
the end of the examination. You are not allowed to bring your own copy into the examination.

You may lose marks if your solutions do not include supporting work.

You may lose marks if the appropriate units of measurement are not included, where relevant.

You may lose marks if your answers are not given in simplest form, where relevant.

Write the make and model of your calculator(s) here:
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Section A Concepts and Skills 150 marks

Answer all six questions from this section.

Question (25 marks)

(a) Solve the simultaneous equations.
2x+3y— z =—4 -~ €

3x+2y+2z =14 —(u)
X —3z =-13 __(,“
"(Z r {'\x_. I’G -‘k,Z% -;t?
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(b) Solve the inequality 2xx+_—232 3,wherex € Rand x # —2. "33 = -‘1.),
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Question 2 (25 marks)

(a) The first three terms of a geometric series are x2, 5x — 8, and x + 8, where x € R.

Use the common ratio to show that x3 —17x%+80x — 64 = 0.
= 2

>x , §7(.—- 91 N+
iR T Ty
—— —
—= Y
T T

SA-& = x +&
x & Sx-¢
L
Lgx-af) 2 x_"( x*—&)
2S5t -%Ux yLh = 2’y Eat

3 2 - 4
At Er ~ASx v Ox -(G =0
(b) Iff(x) =x3—17x%+80x — 64, x € R, show that (1) = 0, and find another value of x
for which f(x) = 0.

Show: PCII - 2 -4 - O
2_2—‘42-__4'6‘1
2-0 J o/ —17x t e rn ~CY

- J:,xk

-l“nL'l- SU»
+_ : %l
Clx&

2.7\"' G 2« l-,CLL =20

(x-5)(x-¥) €
2:=9 z,,z»g

Other value: 8
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(c) Inthe case of one of the values of x from part (b), the terms in part (a) will generate a
geometric series with a finite sum to infinity.
Find this value of x and hence find the sum to infinity.
T ————

previous page running
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Question 3 (25 marks)

(a) Let h(x) = cos(2x), where x € R.
A tangent is drawn to the graph of h(x) at the point where x = %
Find the angle that this tangent makes with the positive sense of the x-axis.

m = (.0 = £ N3
d)—— i u,:-.z.)__

l/ttau) = Cu.» 2
() = 2(=Su2.)

= -28.nl,
** 5 L{(%) - 284

3
- -J3

(b) Find the average value of h(x) over the interval 0 < x < %, x €R.
Give your answer in terms of .

LA

Q o N
(ov2n d 10

7 .0 s dx da I

L o

4 bo

Q —_—cn
ZL ,LSL«.J-)\— m=lL
- & il
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Question 4 (25 marks)
(a) Prove, using induction, that if n is a positive integer then

(cos @ + isin @)™ = cos(nh) + i sin(nh), where i? = —1.

p"We_ /\-_.-,I
(.8 + SO =~ C.0 S8
AMM n =K <
Céw&ﬂ_gw&) = (kO +5k O
n-.-.f::_,;.f/

(@ e mgvv@) - G (kevt) B + Sl n)®
(649 H——Qw@) (Cp 9 4—«-’8«\ (9)
(Gk8 15 k8)( (O + 5.0

(o kBCnO - Skt $u® v ( (kB L5kl
Cs(eds@) + Sa(k&+0)

CJ"'(./LM—A : g._/\,u_ b"‘m Ve A,:./
ad Ay ksl .. E WP ¥

1,3\
(b) Hence, or otherwise, find (— > + B l) in its simplest form.

2‘:.. ""J“L-l- &L

z

— = ( C9‘-f,l0

l}l

CC,, lAO + ugqlwf

= oy 360 £ 5A 30 = |+

w
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Question 5 (25 marks)

(@) The Sieve of Sundaram is an infinite table of arithmetic sequences.
The terms in the first 4 rows and the first 4 columns of the table are shown below.

4 7 | 10 | 13
7 |12 | 17 | 22
10 | 17 | 24 | 31
13 | 22 | 31 | 40

(i) Find the difference between the sums of the first 45 terms in the first two rows.
s il T 1o I3

o= Jd 223 =48

gm-‘— ,‘ﬂ.z i.?.« +((l-")e[3
= 4 z S'+qc.(3)—(=3uv
2

/Zu-/ 2-’ c. = ¢ C:!-”—S. A= qJ
gw"’ + ‘l-é; i 4 +¢.e-.£s‘§= STLCs

AAJ .2“8-

(i) Find the number which is in the 60" row and 70" column of the table.

G.72 (e, 13 ( réom
1y, 1.2 (T3 69

= /s d =il
- ( W
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(b) The first two terms of a sequence are a; = 4 and a, = 2.
The general term is defined by a,, = a,,_; — a,_», whenn > 3.
Write out the next 6 terms of the sequence and hence find the value of a,(19

A = Ua| —cim-v

6’--) > CrLrv — A = 2—'L\,:—L

Cin= cy-CGu =2 -2-2= -4
A= Ge-ay 2 ~bo(2)--2
¢ = QGs-aq = —2()> 0
Ga = Gieas = 2-(-1=¢
G = Qr-4at=- L-2 -2

G 2 2 ~4,-2,2,4L,2

' QUL 2k

-'lt""‘l."'l'l 2

219 2
vil4a = Clavie > 2
Q2019 = S
Ca0i4 = -2
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Question 6 (25 marks)

Parts of the graphs of the functions h(x) = x and k(x) = x3, x € R, are shown in the diagram

below.

(a) Find the co-ordinates of the points of intersection of the graphs of the two functions.

ln(z)"— 2C IC(?—)’- ):.,3

3/3 = X
1’3— X =
x (xt—)=°
x =& xl-l 20
x L2 (
x = * |
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(b) (i) Find the total area enclosed between the graphs of the two functions.

Ar.&,\ -:Z'JZZ(J)—O,( IJJC{J_

2[4 ~(=),]

o 44

=

1

2

(ii) On the diagram on the previous page, using symmetry or otherwise,

draw the graph of k1, the inverse function of k.
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Section B Contexts and Applications 150 marks

Answer all three questions from this section.

Question 7 (55 marks)

The time, in days of practice, it takes Jack to learn to type x words per minute (wpm) can be 2
modelled by the function:

tix) =k [ln (1 — %)], where 0 < x < 70, x € R, and k is a constant.

(a) Based on the function t(x), Jack can learn to type 35 wpm in 35-96 days. Write the function

above in terms of k and hence show that k = —62-5, correct to 1 decimal place.
L—’(p) = Tn...._ x> l.n/(,/"J_,
x =3¢ LG) = 3$-9¢
o/
1\9"!4 - |k > K= —GJ-:

g

(b) Find the number of wpm that Jack can learn to type with 100 days of practice.
Give your answer correct to the nearest whole number.

E(L\ 745
lov = -C2-5 (/\.((,- w)

%
__‘IU"' - Laxe(‘_._g)

62:5
B4 | —Z-
e27| o - X x |l-e
e' s0 w;
X =64

(c) Complete the table below, correct to the nearest whole number and hence draw the graph of
t(x)for0 <x <70, x €R.

X
(wpm)

(ZS\C/Z) Ol K | I1¥Y| 29| L3 |& (| |e2 130

0 10 20 30 40 50 60 70
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(d)

(e)

Days of practice

140 i

1207

[EE
o
o
1
]

 £(x)

0]
o
!
T

[e))
o
1
T

IS
o
1
T

N
o
1

10 20 30 40 50 60
Words per minute (wpm)

A simpler function that could also be used to model the number of days needed to attain

xwpmis p(x) = 1-5x.
Draw, on the diagram above, the graph of p(x) for0 < x <70, x € R.

Ll‘:-l.Sx.. x 2 @ =0

o
Let h(x) = p(x) — t(x). x> 60 q>1

(i)  Use your graphs above to estimate the solution to h(x) = 0 for x > 0.

Io(»]—(:.(ﬂzd A=) =~ &2)

(ii)  Use calculus to find the maximum value of h(x) for 0 < x <70, x € R.
Give your answer correct to the nearest whole number.

x.*:rél"

hibY = €2+ 62 C’LAK_l_ x

L) s s +62-s“<_,.|__
( - %

l'S’_ G255 - O
SO-2
Ls(e/-2) =625
Sv-1 = 6_.3:-*‘--—_’

|-

2 = 39.

L(S*-Sj) > (st;& 53) "'GL:L_/l- 3__)\

-i)za
ye
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Question 8

(40 marks)
. . 1 L2 2
The graph of the symmetric function f(x) = N e 27 isshown below.
220°

A

& c-é-- -
(a)

Find the co-ordinates of A, the point where the graph intersects the y-axis.
Give your answer in terms of m.

}&——Mu 2 =0 | p

7= C
i
(Ul ﬁ;)

1
,——). Find the area of the shaded rectangle in the diagram
\/Zne) g g
above. Give your answer correct to 3 decimal places.

N - Db

= 2 7=
O wg31 7 O-9¥4

(c)  Use calculus to show that f(x) is decreasing at C.

c( ( ﬁ)
p(;) - 1 e

(b) The co-ordinates of B are (—1

)

L T
po - =(-xle

)'(r) ok

|
"
\
!
¢
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(d) Show that the graph of f(x) has a point of inflection at B.

1) s L (-2)e™ ™
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Question 9 (55 marks)

The diagram below shows the first 4 steps of an infinite pattern which creates the Sierpinski
Triangle. The sequence begins with a black equim'é. Each step is formed by removing
an equilateral triangle from the centre of each black triangle in the previous step, as shown. Each
equilateral triangle that is removed is formed by joining the midpoints of the sides of a black
triangle from the previous step.

A A L E
:LA
v VLY.

Step O Step 1 Step 2 Step 3

(a) The table below shows the number of black triangles at each of the first 4 steps and the
fraction of the original triangle remaining at each step. Complete the table.

Step 0 1 2 3

Number of black triangles 1

Fraction of the original
triangle remaining

<
2 9 27
(-t

(b) (i) Write an expression in terms of n for the number of black triangles in step n of the
pattern.
[ . 3 9 21
P iy ’ — —
v (
“. 3. 3L R4

(i)  Step kis the first step of the pattern in which the number of black triangles exceeds
one thousand million (i.e. 1 X 10°) for the first time. Find the value of k.

K

]
< > (<o
T = kw0
L/\o:l)cla.’ = <
(M“ 3% - A_& |x 10
I

T 3 = (‘l—\! (X 19 9
Leaving Certificate 2018 16

Mathematics, Paper 1 — Higher Level k - l é, ?
2 .

A

oV
35



(c) (i) Step his the first step of the pattern in which the fraction of the original triangle
remaining is less than Flo of the original triangle. Find the value of h.

o ( 2 I 3
B EEEIEPRAIES
(2)" = &

h
@) & g =

-.leou‘?
lh ~12

(ii) What fraction of the original triangle remains after an infinite number of steps of the

pattern?
23" O
ULt
This question continues on the next page
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(d)

(i) The side length of the triangle in Step 0 is 1 unit. The table below shows the total
perimeter of all the black triangles in each of the first 5 steps.
Complete the table below.
Step 0 1 2 3 4

27
Perimeter 3 ...C.L v &- 2_‘\.;.
2 & (C
PENERE Biob-
(3 z
)
(ii)

(iii)

Perimetean 3 (, }';/) & = OQ

Find the total perimeter of the black triangles in step 35 of the pattern.

Give your answer correct to the nearest unit.

G~ S

P

{55""

S =

N
a-r

=
z

3(%_’ 38

= L4 3¢¥,329

Use your answers to part (c)(ii) and part (d)(ii) to comment on the total area and the
total perimeter of the black triangles in step n of the pattern, as n tends to infinity.

Area: A,. s o - O

n-O0=
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You may use this page for extra work.

Label any extra work clearly with the question number and part.
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